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THE CONSTRAINED KRASNOSELS’KII FORMULA FOR PARABOLIC 

DIFFERENTIAL INCLUSIONS 

WOJCIECH KRYSZEWSKI AND JAKUB SIEMIANOWSKI 


Abstract. We consider a constrained evolution inclusions of parabolic type m involving an m-dissipative 
linear operator and the source term of multivalued type in a Banach space and topological properties of the 
solution map. We show a relation between the constrained fixed point index of the Krasnosel’skii Poincare 
operator of translation along trajectories associated with m and the appropriately defined constrained 
degree of A + F (0, •) of the right-hand side in JT||. Our results extend those of [111 and Il4l . 


1. Introduction 


We study the initial value problem for a semilinear differential inclusion 


( 1 ) 


ii (t) € Au (t) + F (t, u (t)), t G [0,1], u G A, 
u( 0) = i £ I, 


where E is a Banach space, % C E is a closed convex set of state constraints, A : D (A) C E — > E 
generates a compact strongly continuous linear semigroup {S(t)}t >o on E and F : [0,1] x % —o E is a 
set-valued map. A continuous u : [0,1] —> E is a (mild) solution to Jl]) if it stays in DC, i.e., u(t) G DC and 

u(t) = S(t)x + f S(t — s)w(s)ds 

Jo 

for all t G [0,1], where w G L 1 ([0,1],E) and w(s) G F(s,u(s)) a.e. on [0,1]. 

The study of ([!]) is justified and motivated by a partial differential inclusion of parabolic type 


Ut — A u G f (t,x,u) , t G [0, 1], x G fl, u G K 
< u(0, ■) = g = (gi, ..., <7jv) € L 2 (fl, , g (x) G K for a.e. iGfi, 
A 4 l[o,i]xan = 


where C is a bounded domain with smooth boundary, K C is convex closed and tp : [0, 1] x X 
I\ —o W N is upper semicontinuous with convex compact values. Generalized systems of the form (*) model 
reaction-diffusion processes with uncertain reaction term or (via set-valued regularization) those with 
discontinuous reaction term. We are looking for (strong) solutions with values in K , i.e. u = (ui,..., un) : 
[0, 1] x 0 — > M. n such that u(t, x) G K for all t G [0, 1], x G Q, Ui(t , •) G H 1 fl for a.a. t G [0,1], the 

function t i-A hi(t) := A Ui(t, •) belongs to L 1 ([0,1], L 2 (Q)) and Ui(t, •) = g + + Wi(s )) ds for all 

i = 1 where w = (wi , ...,wy) : [0,1] —>• L 2 (Q,R N ) is integrable and w(s)(x) G ip(s, x, u(s, x)) a.e. 

for s G [0, 1] and x G fi. The role of the constraining set K may be explained as follows: treating m as 
the concentration of the z-th among N components under diffusion, one has m > 0 since concentration 
cannot be negative. On the other hand, there is an upper bound, say Ui(t,x ) < Ri on [0, 1] x fi, beyond 
which the z-th component is saturated. Thus, the natural question is to study the existence and behavior 
of solutions u = (zzi,..., un) in the cube [0, i?i] x ... x [0, Rn]- This is just a heuristic simplification, 
and so, instead of the cube, we consider an arbitrary closed convex set K. 
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In order to get solutions to © we will rely on the semigroup invariance of X and the weak tangency 
condition: 


( 2 ) 


F ( t , x) n T% (x) 7 ^ 0 for all t £ [0,1], x € X, 


where 

(3) 


T'X (y) ■= cl |J h 

h>0 


-1 


(3C — x) = < v £ E 


lim — d(y + hv, %) = 0 
h— > 0 + h 


stands for the tangent cone to X at y £ X (cl stands for the closure and d(z, 3C) is the distance of 
z £ E to 3C). These conditions, being in fact too strong for the existence only, are very well-justified and, 
moreover, imply the /^-structure of the set of all solutions to © and allow to compare the fixed point 
index of the Poincare t-operator X* : X —o X, t > 0, associated with © given by 


T, t (x) := {u (t) £ X | u is a solution of (*), u (0) = x} , x £ X, 


with the below introduced constrained topological degree of the right-hand side A + F (0, ■). In this way 
we obtain a generalization of the celebrated Krasnosel’skii formula. 

Recall that the classical Krasnosel’skii formula concerns an ODE x = f(t,x ), x £ R^, t £ [0,1], 
with locally Lipschitz / : [0,1] X R^ —7 R w , admitting global solutions. If U C R w is open bounded 
and /(x, 0) 7 ^ 0 for x in the boundary dU of U, then the Brouwer degrees deg s (—/ (0, •), U) = 
deg B (I — Pt,U), where Pf is the associated Poincare operator (cf. [22] Lem. 13.1., 13.2.]). An in¬ 
finite dimensional variant of the Krasnosel’skii formula was obtained in m in the case of © with 
single-valued, time-independent and locally Lipschitz nonlinearity F and in the context of bifurcation 
results in m , where the unconstrained situation was considered. 

After this introduction the paper is organized as follows: in the second section we introduce the 
notation along with some auxiliary lemmata; in the third one we discuss in detail assumptions on A, X 
and F in ((T]) and show that they are motivated and follow directly from the natural and mild hypotheses 
concerning (*). In the fourth section we establish the A^-structure of solutions to © and, in the fifth 
one the appropriate degree of the right-hand side in © is defined. In the final, sixth section we prove 
the announced Krasnosel’skii formula. 


2. Preliminaries 

In what follows (E, || • ||) denotes a real Banach space, while E* is the normed topological dual of E; we 
write (x,p) instead of p (x) for x € E,p £ E*; L (E) denotes the space of bounded linear operators on E. 
By -^([O, T], E) (resp. C([0,1],E)) we denote the space of Bochner integrable (resp. continuous) functions 
u : [0,T] —7 E. Recall that A C L 1 ([0,1],E) is integrably bounded if there exists A £ L 1 ([0,1],R) such 
that ||a (t) || < A (t) a.e. for every a £ A. If A is a metric space, e > 0 then Bx(A,s) := {x £ X \ 
d(x;A) := inf aGj 4 d (x, a) < s}. If X C E, Y is a topological space, then a continuous /: X —> Y is 
compact or completely continuous if / (B) is relatively compact for each bounded B C X. 

A set-valued map ip : X Y assigns to each x £ X a nonempty subset p (x) C Y. If X, Y 
are topological spaces, then ip is upper semicontinuous or use (resp. lower semicontinuous or lsc) if 
p~ l ( A ) := {x £ X | <p{x) n A / 0} is closed (resp. open) for every closed A C Y. If X C E, then 
<p : X — o Y is compact if it is use and <p ( B) := U T eS V 5 ( x ) is relatively compact for any bounded B C X. 
If X, Y are metric spaces, then ip : X —° Y is H-usc (resp. H-lsc ) if for any xo £ X and e > 0 there is 
5 > 0 such that ip (x) C By (p (xo), e) (resp. <p (xo) C By (p (x), e)) for x £ Bx (xo, d) (see [L5|, [16] for 
details and examples concerning set-valued maps). 

We present two results that will be frequently used in a form adopted for our needs. The first one is 
a simple modification of [5] Lem. 17.]. 
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Lemma 2.1. Let X C E be closed convex, F : [0,1] x X —o E be tangent to X (see © ) and H-usc with 
convex values. For any continuous a : [0,1] x X —> (0, oo) there is a locally Lipschitz f : [0,1] x X —> E 
such that f (t, x) £ T% (x) and 

f (t,x) £ F (-B[ 0 ,i] (t,a(t,x)) x B x (x,a(t,x))) + B E (0,a(t,x)) for t £ [0,1], t £ DC. □ 

If (S, 3~) is a measure space, X is a Polish space and Y is a topological space, then <p : S X X —o Y is 

said to be product measurable if, for every open U C Y, cp ^ 1 (U) belongs the product u-algebra 3“(g)53 (X), 
where 53 (X) is the Borel a -algebra in X. 

Theorem 2.2. [T9j Th. 3.2] Let E be a separable Banach space, X C E be closed convex amd let 
F,G : [0,1] x X —o E be product measurable (on [0,1] the Lebesgue a-algebra is considered) with closed 
convex values and such that F(t, x) n G(t, x) ^ 0 for all (t, x). If F ( t , •) is H-usc and G (t, ■) is Isc, for 
t £ [0,1], then for every e > 0 there is a Caratheodory map f : [0,1] x3C->E (i.e. f (f, •) is continuous 

for every t £ [0,1] and f (-,x) is measurable for every x £ X) such that 

f (t, x) £ G (t , x) and f (t, x) £ F ({t} x B x (x, e)) + B E (0, e) 
for all t £ [0,1] and x £ X. □ 


3. From the system of PDE’s to an abstract problem 


Let us make the following standing assumptions with respect to JT]): 

(A) A : D (. A ) — > E generates a compact Co-semigroup {S' {t)} t>0 of linear operators on E; 

(K) A closed convex X C E is semigroup invariant , i.e. S (t) (IK) C X for every t > 0; 

(F±) F : [0,1] x X —o E has convex weakly compact values; 

(F 2 ) F is product measurable and for any t £ [0,1], the map X 3 x\—°F(t,x) C E is 
H-usc; 

( F 3 ) there is c > 0 such that sup ygi r( t a .) ||y|| < c(l + ||x||) for ah t £ [0,1], x £ IK; 

(F 4 ) F is tangent to X, i.e. F (t, x) fl T x (x) / 0 for all t £ [0,1] and x £ X (see (]3]) ). 

We shall show that these assumptions are consistent with hypotheses usually made with respect to 
the system (*). But first let us collect some comments. 


Remark 3.1. (a) In view of (A) there are M > 1, u £ M such that US’ (t) || < Me ut for t > 0. For 
h > 0 and hu < 1, the resolvent J/, := (I — hA)~ l : E -3-D (A) C E is well-defined, belongs to L (E) and 
|| Jh\\ < M (1 — hu )- 1 (cf. [27]). By [27] Th. 2.3.3], {S (i )} t>0 is compact (i.e. for any t > 0 an operator 
S (t) £ L (E) is compact) if and only if it is resolvent compact, i.e. for h > 0, hu < 1, Jh is compact and 
(0, + 00 ) 3 t ha- S (t) £ L (E) is continuous. 

(b) Assumption ( K) means that if the reaction term F vanishes, then the diffusion process u{t) = 
S{t)x, x £ X, survives in X. It holds if and only if Jy, (IK) C X for h > 0 with hu < 1 (comp. [211 Sec. 
3.1.] and cf. nn Rem. 4.6.]). 

(c) Assumptions ( F\)-{F 2 ) together with | 6 l Proposition 2.3] imply that for ah t £ [0,1] the set-valued 
map F (t, •) : X —o E is weakly use, i.e. use with respect to the original topology in X and the weak 
topology in E. In particular, for each t £ [0,1] the image F ({f} X D) C E of a compact subset D C X is 
weakly compact. Moreover, since values of F are convex, we gather that the graph of F(t, •) is closed in 
X x E, where the original topology in X and the weak topology in E are considered, i.e., if x n —> x in X, 
y n £ F(t,x n ) and y n —*• y (weakly), then y £ F(t,x). Condition (F 3 ) implies the global (unconstrained) 
existence of solutions. 

(d) It is easy to see that ( K ) implies that for ah x £ X 


Tjc{x) C T x {x) := < v £ E 


liminf -d(S(t)x + tv, 3C) =0 
t->o+ t 
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Hence ( K ) together with (F 4 ) imply that 

(4) F(t,i)nT^(i)/0, x £ X, t £ [0,1]. 

The sets T^(x), x £ %, have been introduced by Pavel [25j and condition (j4j) shown to be necessary and 
sufficient for the existence of (mild) solutions surviving in HC of (JT]), when F single-valued continuous. 
This condition is is also sufficient for the existence in case of a H-usc set-valued perturbation F (see jT, 
§4.5] and [2B]); see also (21 Chap. 9] for a detailed discussion of different tangency issues. Our study of 
(K) along with (F 4 ) is motivated by by Proposition 13.31 the second part of Proposition 13.41 and Remark 
Iih2l 

Let us now return to (*) and make the following assumptions: 

(<pi) (p : [0,1] X fl x K —o R^ is use with convex compact values; 

(ip 2 ) sup^^ .j. y) |u| < a (x) + c\y\, for some a £ L 2 (fl), c > 0 and for all t £ [0,1], x £ fl and y £ K. 

(tps) ip is tangent to I \, i.e. ip (t, x, y) H Tk ( y ) 7 ^ 0 for t € [0,1], x £ fl and y G K (J3) 

Remark 3.2. In order to understand the physical meaning of (^ 3 ) consider an important special case 
when K = R+, i.e., u = (u\, ...,un) G K if and only if u, > 0 for i = 1 Interpreting (*) as 

the reaction-diffusion problem describing the dynamics of concentration u\(x), ..., ujv(t), x G fl, of N 
reacrants being subject to diffusion and reaction term, the usual assumption of nonnegativity of p> not 
realistic. Assumption ip > 0 implies that during chemical processes all substances are only produced, 
while, in fact, during reaction some reactants vanish or are transformed into another compounds. The 
realistic assumption is that if a reactant i vanishes in some area (i.e., u t = 0 ), its amount in this area 
cannot decrease. This observation leads immediately to tangency (observe that if u G K with Ui = 0, 
then Tk{u ) ={uG R n | Vi > 0}) <p(u) fl Tk{u) / 0 meaning exactly that Ui can only increase. 

Put E := L 2 (n,R N ), D(A) := (f^R^) n H 2 (n,R N ) and define A : D (A) -> E by 

(5) Au := (Aiti,..., Aitjv) 

for u = (u\, ...,un) G D (A), where A m denotes the usual Laplacian of a function Ui : H —> R. In view of 
m Theorem 7.2.5] A generates an analytic and resolvent compact semigroup of contractions {S (^)}^>o? 
i.e., M = 1 and uj < 0 in Remark ED (a). 

Let 

(6) % := {u G E | v ( x ) G K for a.e. iGfi}. 

It is immediate to see that % is closed convex. In order to get (K), i.e., to show that Jh(“F-) C % when 
h > 0 and hu < 1 observe that 

K = n (y + Tk(v )) 

yeK 

and, hence, it is sufficient to consider the case when K = yo + C, where t/o € R N and C C R^ is a closed 
convex cone. Then % = uq + C where Uo(x) = y 0 on fl and C := {u G E | u(x) G C a.e. on fl}. Since 
Jh(u 0 ) = uq, it is sufficient to show the invariance of C. 

Take v G 6. Since C°° functions in C are dense in S we may assume that v is C°°. Let u = by 

the classical regularity theory u G C' 0 O (clfl) and 0- Let 

p £ C * := {p £ R N I (y,p) > 0 for all y G C}. 

Then v p := {p,v(-)), u p := ( p,u (•)) are C°°, v p > 0 on fl and ( p,Au (•)) = A u p . Let .To G clfl be such 
that u p (x ) > u p (x 0 ) for all x £ clfl. If xq £ <9fl, then u p (x ) > 0 on fl. If To G fl, then the second 
derivative D 2 u p {xq ) is nonnegative; this implies that Au p (xo) > 0. Hence 

Mp(.T 0 ) = (p, (u - hAu)( t 0 )) + h(p,Au( t 0 )) = v p (x 0 ) + hAu p (x 0 ) 

^See (O with K replacing X. 
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and again u p > 0 on H. Since p was arbitrary, we gather that u(x) G C on ft, i.e., u G C. 

We have shown 

Proposition 3.3. If A is given by (j5j and % by ©, then assumptions (A) and (K) are satisfied. □ 

Let F : [0,1] x % —o E be the Nemytskii operator associated with ip, i.e. 

(7) F ( t, u) := {v G E | v (x) G ip ( t , x, u (x)) for a.e. iGSI} 

for t G [0,1], u G DC The values of F are clearly nonempty, but not compact in general. 

Proposition 3.4. If ip satisfies conditions (ipi) - {^ 3 ), then assumption (Pi) — (P3) are satisfied. In fact 
F is H-usc (with respect to both variables). Assumption ( 993 ) implies (Ffi). Moreover any (mild) solution 
to © is a (strong) solutions to (*). 

Proof. It is easy to see (Pi) and (P3). Suppose P is not H-usc, i.e., there are £0 > 0, sequences (t n , u n ) —>• 
(to, u 0 ) in [0,1] x E and v n G P (t n , u n ) such that 

( 8 ) v n <£ F (t 0 ,u 0 ) + B e (0,e o ), n > 1. 

Up to a subsequence (« m ) n >i converges a.e. on H to uq and there is h G L 2 (fl,M) such that | u n ( x ) | < 
h (x) for a.e. iGSI and every n > 0. By (<^ 3 ) 

\v n (x) \ < a (x) + c\u n (x) | < a (x) + ch (x) for n > 0 and a.e. x G H. 

There is rj > 0 such that for A CH with Lebesgue measure p (A) < r] 

(9) / 4 (a (x) + ch (x )) 2 dx < £q/2. 

J A 

For each n > 0, H n := ip (t n , ■, u n (•)) : H —o is measurable and if w : H —> M. N is a measurable 

selection of H n , then toGl since, in view of (<^ 3 ), 

(10) \w (x) | < a (x) + ch (x) for a.e. iGSI. 

By the Egorov and Lusin theorems (see |4| Th. 1] for a multivalued version of the Lusin theorem) there 
is a compact Sl ? cSl such that p(Q\Q v ) < 77 , u n —>• uq uniformly on the restriction H v —>• M N 

is continuous and Ho\n v : —o M. N is H-lsc. 

Let 5 := £ 0 /\/2p (H). We will show that there is uq such that if n > no and x G H, ; , then 

H n (x) C P 0 (a;) + ( 0 , <5) • 

Suppose to the contrary that there is a subsequence (nj)- >l and a sequence (xj), J>x in such that 

(11) H nj (xj) <jt H 0 (xj) + B r n (0, <5) . 

We can assume that Xj -> xo G !!,,, since is compact. The continuity of uq and the uniform 
convergence u n —>• Uo on f l n imply that u nj (xj) —>• uq(xo) and thus ( t nj ,Xj,u nj (xfi) —> (to, xq, uq (xq)) 

as j —> 00 . The upper semicontinuity of tp together with the H-lower semicontinuity of Hq on U r; show 
that H nj ( Xj ) C Ho (Xj ) + B r n ( 0 , 5) for sufficiently large j, which contradicts ffTTT) . 

Let us fix n > no- For a.e. x G H, we have 

(12) v n (x) G H n (x) C H 0 (x) + B rN (0, 6 ). 

Observe that the map 3 x \—° B r n (v n (x), 6 ) fl Hq (x) is measurable and has nonempty values for a.e. 
x G By the Kuratowski-Ryll-Nardzewski theorem, there is a measurable selection v : —> W N , 

i.e. v (x) G B r n (v n (x) , 6 ) FHq(x) for a.e. x G Clearly v G L 2 (Q V ,M. N ) and for a.e. x G £l v , 
\v n (x) — v (x) | < 6 . Thus 
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Take an arbitrary selection w : 0 -A R w of Hq, i.e. w (x) £ Ho (x) for a.e. x £ fl. Let \ be the 
indicator of 0, v . Notice that yn + (1 — x) w '■ ^ ;► R N is a square-integrable selection of Ho (we identify 

v : -3 R w with the function v : -A R^ putting v = 0 on 0 \ 0^). By (1101) 

|u n (x) — ic (x) | < |u n (x) | + |w (x) | < 2 (a (x) + ch (x)) for a.e. x £ O \ Q v . 

Recall that /r (fl \ < 77 , hence and by (0 

ll^n — X v + (1 — ,\') u 'l | 2 = / l^n (a?) — u (x) | 2 dx + / |x n (x) — tc (x) | 2 dx 

< £q /2 + / 4 (a (x) + h (x )) 2 dx < £q. 

«/ 

Thus, contrary to 0, v n £ F (to, Uo) + B L 2 ^ ik n\ (0,£o) f° r infinitely many n > 1. 

In order to check (T 4 ) fix t £ [0,1], u £ % and define G, H : Q —o W N , by 

G (x) := (p ( t , x, u (x)), H (x) := Tk o u (x) for x £ 0. 

The map Tr-(-) : J\ —° is lsc, G is measurable; hence Q 3 x G(x) D H(x) C R^ is measurable 

with nonempty values. By the Kuratowski -Ryll-Nardzewski theorem, there is a measurable v : 0 —> R N 
such that v (x) £ G (x) D H (x) for a.e. x £ 0. Clearly v £ E and v £ T%(v) D F(t, u) since in view of pj 
Cor. 8.5.2] Tx(u ) = {v £ E | v(x) £ Tk(u(x )) a.e. in O}. 

The last part has been established in |14| in the unconstrained case; this proof follows immediately 
from a general result in {28 , Proposition III.2.5]. Here the same arguments apply. □ 

4. Existence and structure of solutions 

In this section we assume that conditions (A), ( K ), (F \) - (F 4 ) hold and E is a separable Banach 
space. The compactness of {S(t)}t>o implies that: 

Lemma 4.1. The operator Kq : L 1 ([0,1],E) —> C ([0,1],E) defined by 

K o(y)(t)-=[ S(t-s)y(s)ds for y £ L 1 ([0,1],E) , t £ [0,1], 

Jo 

maps integrably bounded subsets of L 1 ([0,1],E) into compact subsets of C ([0,1],E). □ 

We are going to show that the set of all (mild) solutions to (JX|) surviving in % is a compact i? 5 -subset 
of C ([0,1],E), i.e., can be represented as the intersection of a decreasing sequence of compact absolute 
retracts (see also e.g. m p. 14] for a detailed discussion of the class of R^-sets). In an unconstrained 
case this is known (see e.g. m or |10|). Assumptions (K) and (Ffi) imply the viability, but certainly do 
not prevent that some solution escaper from X; hence it is not clear what is the structure of solutions 
that stay in X. Apart from the presence of constraints in (0, we deal with weakly compact convex valued 
and not necessarily use perturbations, while elswhere (see e.g. [ 20 ] or 0 ) compact convex valued use 
perturbations are studied. 

In the proof the following characterization will be used: If X 0 = [fff =l X n , where X n 0 is closed 
contractible, X n D X n +\ for all n > 1, and the Hausdorff measure of noncompactness (J(X n ) -3 0, then 
Xo is an R$-Set- 

Theorem 4.2. For a fixed xo € X, the set Xo of solutions in X of 0 starting at xq is an R ( 5 subset of 

e ([0,1], x). 

Proof. Step 1. Take a sequence (£n) n >i hi (0,1) such that e n \ 0. Since X 3 x 1-0 T%(x) C E is 
lsc we can apply Theorem 12.21 for every n > 1, there is f n : [0,1] xX -> E such that f n (t, •) is 
continuous for t £ [0,1] and /„.(•, x) is measurable for every x € X; f n (t,x ) £ Tx (x) and f n (t,x ) £ 
F ({t} x B x (x,e n )) + B E (0,s n ) for all t £ [0,1], x £ X. 
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For each k > 1, by a version of the Scorza-Dragoni theorem (cf. [23]), there is a closed subset 
Ik C [0,1] such that g ([0,1] \ Ik) < min{e n /2 fc_ri+1 ; n = 1,A:} and the restriction fk\i kX x : 7 n xX —t E 
is continuous (with respect to both variables). Let I n := C\k>n^k, n > 1. The family {I n } increases, 
consists of compact sets and f n \i n xX is continuous. Moreover g ([0,1] \ I n ) < e n and g ^(J r 
Fix n > 1; clearly (0,1) \ I n = Ufc>i i a k, h)- Define f n : [0,1] x X -A E by 


)n> 1 In ) — 1- 


T ,, x J fn (t, x ) 

fn{t,x) := \ bk _ t 


for t G I n ,x G X 

(dk,x) + fn ( bk , x) for t G [a k , bk],x € X. 

Obviously f n is continuous and (conv stands for the convex hull) 

(13) f n (t, x) G convF (B [0)1] (f, e n ) x B x (x, £ n )) + B E (0, e n ), 
for t G [0,1], x G X, since bk — ak < £ n for k > 1. If t G I n , x G X, then 

(14) fn ( t,x ) = fn (t,x) G F({t} X B X (x,£ n )) + B E (0, £ n ) . 

For any n > 1 we find easily a continuous a n : [0,1] x X —> (0, oo) such that if g : [0,1] X X —> E 
satisfies 

(15) g (■ t, x) G fn (%ij (L a n (t, x’)) x B x (x, a n (t, x))) + B E (0, a n (t, x)), 

then g (t,x) G f n (t,x) + B E (0, e n ) on [0,1] X X. Applying Lemma l2.1l to f n , we get a locally Lipschitz 
g = g n : [0,1] x X —> E such that 

(16) g n (t, x) G Tx (x) 
and (1151) holds. Hence 

(17) g n (f,x) G f n (t,x) + B e (0,e n ). 

In view of (HBl) . (A) and [ 6 ] Th. 7.2.]) the problem u (t) = Au(t) + g n (t,u (t)), u( 0) = xo, admits a 
unique solution (mild) u n G 6 ([0,1],3C). 

For any n > 1 let X n be the set of mild solutions (in X) of the problem 

iu(t) G Au (t) + F n (■ t, u (t )), 

(0) = xo G X , 

where F n : [0,1] x X —° E is given by 

_ lV({t} x B x (x, £ n )) + B e ( 0 , 2 e n ) for t G I n ,x G X, 

| convF (H[ 0 j i] (■ t, £ n ) x B x (x, £„)) + B E (0,2e n ) for t G [0,1] \ I n , x G IK. 

By (fT71) and fll3l) . (TTTj) . (t, x) G F n (t,x) on [0,1] x X. Therefore X n 0 since u n G X n . Clearly 


F n (t, x) := 


(18) 


X 0 C p) X n . 


n= 1 


Step 2. We shall see that given a sequence (u n ), where u n G X n for n > 1, then (up to a subsequence) 
Un ~ > uo G Xo. To this end observe that there is w n G L 1 ([0,1],E) such that (t) G F n (t,u n (t)) for 
a.e. t G [0,1] and u n (t) = S (t) x + Ko(w n ) for t G [0,1]. The Gronwall inequality and (Fj) imply that 
su Pn>i 11 u n 11 < C for some C > 0. Thus {w'n} n >i is integrably bounded by c(l + C) and, by Lemma 14.11 
{ u n} n > i is relatively compact, i.e., (up to a subsequence) u n —> uq G C ([0,1],3C). 

Observe now that the set {Xn w n} n > i, where Xn stands for the indicator of I n , is integrably bounded. 
Take t G (J„>i In-, i.e., f G 4 for n > N for some N. For such n 


(19) 


Xn ( t ) (i) = w n (t) G F ({t} x B x ( U n (t ), £„)) + F e (0,2s n ), 
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i.e. , w n (t) G F (t, v n ) 4- b n , for some v n G X, b n G E with \\u n ( t ) — v n \\ < e n , ||6 n || < 2e n . Hence 
Iko it) - V n \\ < ||«o(£) - Unit )II + |\un (t) - v n \\ ->■ 0 as n -> oo. 


Observe that 

{w n ( t ) Xn C F ^{f} X + {^n} n >i U {0} , 

where F ^{i} x {v n } n >]\r^j is relatively weakly compact in view of Remark 13.11 (c). By the Diestel weak 
compactness criterion (T2J Cor. 2.6], {x.n w n} n> \ is relatively weakly compact in L 1 ([0,1],E), i.e., up to a 
subsequence XnU> n rco G L 1 ([0,1],E) (weakly) and, hence, {K$ (w n Xn))„>i K$ (wo) in C ([0,1],E). 
On the other hand \\Kq ((1 — Xn)w n )\\ < Rc (1 + M) /j ([0,1] \ I n ) —> 0 as n —> oo. Therefore 


U n - S(-)x = KoiXnU’n) + K 0 ((l ~ Xn)w n ) Kq(wq). 

This shows uq (t) = S (t) x + /g S {t — s) wq (s) ds for t G [0,1]. In view of fH9l) and the ‘convergence 
theorem’ [2j Th. 3.2.6], wo (t) G F (t,Uo (t)) for a.e. t G [0, 1], i.e., Uo € Xq. 

The assertion we have just proved together with (1181) implies that X$ is compact, sup^g^ ^ ( v > ^o) —>■ 
0 and, hence, the measure of noncompactness /3(c\X n ) 0 and Xq = HnLi dX n . 

Step 3. Now we shall show that cl X n is contractible. To see this fix n > 1 and recall the above 
constructed locally Lipschitz g n : [0,1] x X —> E being tangent to X and having sublinear growth. Take 
z G [0,1] and y G X. The problem 

f u (t) = Au (t) + g n (t, u (t)) , 

\u(z) = y, 

admits a unique solution v(-;z,y ) : [z, 1] —> X. The strong continuity of {S (t )} t>0 along with local 
lipschitzeanity of g n imply that v(-;z,y ) depends continuously on z G [0,1] and y G X. Precisely, 
given e > 0, zo G [0,1] and yo £ X there is 5 > 0 such that \\v (t; zo,yo) — v(t;z,y ) || < e for all 
t G [max{z 0 , z}, 1], if \z - 2 0 | < 5, ||y - Vo\\ < 5. 

Let us consider the homotopy h : clX n x [0,1] —>■ G ([0,1], DC) given by 


[h (u, z)} (a) 


u(s) 

v(s;z,u(z )) 


for s G [0, z\; 
for s G [z, 1] 


where u G clX n ,2; G [0,1]. It is easy to see that h is well-defined, continuous (comp. (TJ Th. 5.1]) 
and h(X n x [0,1]) C X n since g n is the selection of F n ; thus h{c\X n x [0,1]) C cLY n . Furthermore 
h (•, 0) = v (•; 0, x) and h (•, 1) = id c ix„ proving the contractibility of clX n . □ 


4.1. c - admissible maps. Recall (see [2TJ and eg) that a compact metric space space S is cell-like if 
it can be represented as the intersection of a decreasing sequence of compact contractible spaces. The 
following conditions are equivalent (see e.g. my- S is cell-like; S has the shape of a point; S is an 
Rs- set; S has the UV°°-property, i.e., if S is embedded into an ANR, then it is contractible in any of its 
neighborhoods. 

Let X, Y be metric spaces; an use map tp: X —° Y is cell-like if (p (x ), x G X, is cell-like. A map 
(p : X —o Y is c-admissible if there is a metric space Z, a cell-like map if} : X —o Z and a continuous 
/ : Z —> Y such that (p = f ° ip. Equivalently (see m Section 3]) <p : X —o Y is c-admissible if it is 
represented by a c-admissible pair ( p,q ), i.e., (p (x) = q (p~ 1 (x)) for x G X , where X T Y, T is a 
metric space, p, q are continuous and p is a proper surjection with cell-like p~ 1 (x), x G X. Properties of 
a c-admissible <p strongly depend on a decomposition ip = / o ip or a pair (p, q) representing it. When 
studying c-admissible maps one has to take into account representing pairs (for a detailed discussion of 
c-admissible maps, related topics and some references - see [15]). In particular: if <p : X —° Y is cell-like, 
then the canonical pair (p^, q^), where the graph Gr(</?) := {(x, y) G X X Y \ y G <£>(x)}, p v : Gr(<£>) —> X 
and q^ : Gr(^) —>• Y are projections, is c-admissible and represents p>. If X C E, then a c-admissible 
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pair (p, q) is compact if cl q (p _1 (R)) is compact for any bounded B C A; <p : A —o Y is compact if 
represented by a compact c-admissible pair. 

After m Definition 3.5] we say that c-admissible pairs A ^3- Y, k = 0,1, (and set-valued 

maps represented by them) are c-homotopic (written (po,qo) — (pi ; (7i)) if there is a c-admissible pair 
Ix[0,l]<fr4f and continuous maps jk ■ T*, —> T, k = 0,1, such that the following diagram 


A 

*o| 

X x [0,1] 

hf 

A — 



Y, 


where ik(x) := (x,k) for x £ A and k = 0,1, is commutative. The pair ( p,q ) is called a c-homotopy 
joining (p 0 ,<?o) to (pi,<?i). 


Let E : DC —° 6 ([0,1], DC) assign to x £ A the set of all solutions to ([I]) starting at x. 

Lemma 4.3. E is a cell-like map and maps bounded sets onto bounded ones. 

Proof. The second assertion follows from the Gronwall inequality and (T5). In view of Theorem 14.21 we 
need to show that E is use. Let x n —> x £ X and u n £ E (x n ) for n > 1. Then u n = S (•) x n + Kq (w n ) 
for some w n £ L 1 ([0,1],E) such that w n (t) £ F ( t,u n (t)) for a.e. t £ [0,1]. The condition (T3) and the 
Gronwall inequality imply that [u n } n>1 is bounded, so {w n } n>1 is integrably bounded. As above (up to 
a subsequence) u n — S (•) x n —> u — S (•) x in C ([0,1], 9C). Thus, again up to a subsequence w n —*■ w £ 
L 1 ([0,1], E) and w (t) £ F (t,u (t)) for a.e. t £ [0,1]. As a result, u = S (■) x + K 0 (w) £ E (. x ). □ 

In what follows E will be identified it with its canonical pair 

(20) X £ r A e([0,l],3C) , E (x) = g E (ps 1 (®)), ® GDC, 

where T := {(x,u) £ X X C ([0,1],3C) | u £ E (x)} is the graph of E, ps and q s are the projections onto 
X and into C ([0,1],3C), respectively. 

For a fixed t £ [0,1], the evaluation e* : C ([0,1],DC) — > X, et ( u ) := u ( t ) for u £ G ([0,1], DC) is defined 
and continuous. With Jl]) we associate the Poincare t-operator E^ : X —° X, 

(21) E ( :=e t oE, i.e., E t (x) = {rt (t) | u £ S (x)} . 

Therefore Ej is c-admissible (cf. [13] Rem. 3.4. (2)]); it is represented by the c-admissible pair 

(22) DC A T X, where p t := ps, Qt ■= e t o g s . 

Remark 4.4. (1) The mapping DCx [0,1] 3 (f, x) 1—0 E t (x) C C ([0,1], DC) is c-admissible. Is it represented 
by the pair 

X x [0,1] £ T x [0,1] ^ DC 

where p := p s x id [0jl ], q (7, t) := e t o (7) for t £ [0,1],7 G F. 

(2) For any numbers 0 < a < b < 1, the restriction [o, b] x X 3 (f, x) 1—0 Et (x) C DC is completely con¬ 

tinuous, what is a consequence of the compactness of the semigroup {S {t)} t>0 . It is worth to emphasize 
that, in particular, Ej and the pair ( pt,qt ) are completely continuous. 

Remark 4.5. A parameterized version of the above results will also be useful. Let Z be a compact 
metric space and let F : Z x [0,1] x DC —o E be (product) measurable, F (-,f, •), t £ [0,1] be H-usc and 

F(z,-,-), z £ Z, satisfy assumptions (F\ ) - (F4). Then all above results remain true, in particular: the 

solution map E : Z x DC —o C ([0,1], DC) is use with A^-values. 
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4.2. Fixed point index for c - admissible maps. Given an open bounded V C E, a compact c- 
admissible pair clV f— T -4 E representing it, such that x £ q ( p~ 1 (x)) for x £ dV, the fixed point 
index Ind((p, q ), V) is well-defined (cf. [131 Th. 4.5]). This index has the usual properties such as: the 
existence, the localization, the additivity and the homotopy invariance (see [13]) . 

It is easy to get a generalization of the above mentioned fixed point index to a constrained case 
in a standard way. Let IK C E be convex closed and let U C X be (relatively) open and bounded. 
Let r : E —> X be an arbitrary retraction and j : 5 C H E be the inclusion. Given a c-admissible 
compact pair cl%U T -4 X such that x ^ q (p _1 (x)) for x £ d%U (c\%U and d%U denote the 
closure and the boundary of U in 3 d), we let V := r -1 ( U) D B, where B is open bounded and B D U, 
T := {(x,7) £ cl U x T | r (x) = p (7)}, p : T —> clU and q : F -A IE by p (x,7) := x and q (x, 7) := q (7) 
for (x, 7) £ F. Note that q r °pf l = joqop ^ 1 orjj : clU r —° E, the pair (p r , q r ) is compact and c-admissible 
and x 0 q(p^ 1 (x)) for x £ dV. Thus we are in a position to define the constrained fixed point index by 

Indue (ip, Q ), U) := Ind {(p r ,q r ), cl U r ). 

It is easy to see that this definition is correct, i.e, it does not depend on the choice of r; furthermore Indue 
has the same properties as Ind does. 

Remark 4.6. (i) In particular, if two c-admissible pairs c\%U 4-4- Tj —4 X, j = 0,1, are c-homotopic 
and the c-homotopy clu fiJ x [0,1] T -4 % i s compact and such that x 0 q(p^ 1 (x,t)) for x £ d%U, 
t £ [0,1], then Indue( (Pj , Qj), U), j = 0,1, are defined and equal. 

(ii) If a compact c-admissible pair (p, q) represents a single-valued / : cH7 — > X and x 4 / i x ) f° r 
x £ dU, then it can be proved Indue (Oh q) ,U) = Indue (/> U), where Indue(/, U) stands for the fixed point 

index as defined in |171 §12], In particular / is represented by the pair clu fiJ -e^clueC/ X 

5. The degree of the right hand side 

We will construct a homotopy invariant (the so-called constrained topological degree) responsible for 
the existence of zeros of maps of the form A + G, where: 

(G\) G : X —0 E is H-usc, has convex weakly compact values, maps bounded sets onto 
bounded ones and G (x) fl Tx (x) 4 0 for every x £ X, i.e., G is tangent to X ; 

(G 2 ) X C E is convex closed; A : D (Al) —> E satisfies (A) and ( K ). 

Let U C X be bounded and relatively open in X. We assume that 
(23) 0 ^ At + G (x) for x € D (A) fl dU\ 

here dU = d%U stands for the boundary of U in X. 

Lemma 5.1. There is ao > 0 such that if 0 < a < ao, then 

0 ^ Ax + G (B% (x, a)) + Re (0, a) for x £ D ( A ) n dU. 

Proof. Suppose to the contrary that for n > 1 there is x n £ D (A) fl dU, y n £ G{x n ) 1 where ||x n — x n \\ < 
1/n and £ n £ E with ||£ n || < 1/n such that 

0 — Ax n + y n -f- £ n '' I' X n — .Jfi (x n -j- h {gjn T ^n)) 

for fixed h > 0, hoo < 1. Clearly {y n } n > 1 is bounded since so is {x n }. The compactness of Jh implies 
that {x n } >1 is relatively compact; thus, up to a subsequence, x n —> Xo £ dU and x n —» Xo- Remark 
m (c) and the Krein-Smulian theorem imply that {y n } n > 1 is relatively weakly compact. Thus, up to 
a subsequence y n —^ y o- This (see again Remark 13.11 (c)) implies that y$ £ G(x 0). Moreover x n = 
Jh (x n + h (y n + f,n)) Jh ( x o + hyo), since Jh is compact. Hence xo = Jh {xq + hyo), xq £ D (A) and 
0 = Axq + yo- a contradiction. □ 
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Lemma 5.2. If a continuous map g : X —>• E is tangent to X, then for every x G X we have 


lim 

h—tO + ,y^x,y£X 


d(J h (y + hg (y));X) 
h 


= 0 . 


Proof. Take x G X and e > 0. The continuity and the tangency of g together with [3} Prop. 4.2.1] imply 

d (y + hg (y ); X) 


lim 

/i— ,y^x,y£% 


h 


= 0 for x G X. 


Hence (see Remark 13.II (a)), there is 5 > 0 such that if ||y — x|| < 5, 0 < h < 6 . 

s M 

d(y + hg{y)\X) < —h and x _ hw < 2M • 

Choose k G X with ||y + hg (y) — k\\ < e/i(2M) -1 . For e := (k — y — hg (y)) /h, ||e|| < e/2 M and 
y + h (g (y) + e) = k G X. Assumption (K) implies Jh (y + h (g (y) + e)) G X. Thus 

d{Jh (y + hg (y)) -X) < \\J h (y + hg (y)) - J h (y + h(g(y) + e)) || < h\\ Jh\\\\e\\ < he 

if ||y — ®|| < 6 , 0 < h < 5. □ 


Let r : E — > X be a retraction, such that ||x — r(x)|| < 2 d(x;X) for i 6E; such retractions exist. 

Lemma 5.3. Assume that g : K —>• E is continuous and tangent a-approximation of G, i.e., g (x) G 
G (Bx (x, a )) + Be (0, a) for x G X, where 0 < a < ao (see Lemma l5J\) . Then there is ho > 0, houi < 1 
such that for h G (0, ho] 

x 7 ^ r o J h (x + hg (x)) for x G dU. 


Proof. If not, then for each n > 1 there is x n G dU such that x n = r o J/ ln (x n + h n g (x n )), where 
0 < h n < l/n and h n u < 1. Denoting u n := Jh n (x n + h n g (x n )) G D (A) we have X) —> 0 in 

view of Lemma Lemma 15.21 and 

u n rfuyf) — u n x n — h n (Au n + y(x n )). 

Hence 

1 2 

(24) || Au n + g (x n ) || = —1|w n - r (u n ) || < — d(u n ; X) -J> 0. 

rin ftn 

Thus {Au n } n>1 is bounded since so is {g (x n )} n>1 . Note that ||u n || < ||J/i„||||x n + h n g[x n ) || < R for 
some R > 0. Fix h > 0, hu < 1. The compactness of J^ and u n = Jh (u n — h.Au n ) implies that, up to a 
subsequence, u n —> xq G E. Since d(u n ; X) —>• 0, we infer that Xo G X and x n = r (u n ) —> r (xo) = xo G 
dU. In view of (1241) Au n —> —g (xo) and since A is closed we have xo G D ( A ) and Axo = — g (xo). As a 
result Xo G D (A) fl dU and 0 = Axo + g (xo): a contradiction to Lemma 15.11 □ 

By Lemma 12.11 there is a locally Lipschitz g : X —> E tangent to IK being an a-approximation of G. 
Let h G (0, h 0 ] (ho is taken from Lemma 15.31) and consider / : cl U —> X defined by 

/ (x) := r o Jh (x + hg (x)) for x G cl (7. 

Obviously, / is compact and by Lemma 15.31 x 7 ^ /(x) for x G dU. Thus, the fixed point index in ANRs 
Indjc (/, U ) is well-defined (see |17l §12]) 

Lemma 5.4. The number Ind^ (/, U ) does not depend on the choice of a sufficiently close approximation 
g, a retraction r and sufficiently small h > 0. 
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Proof. Take two retraction rg , r i : E — > X such that ||x — ri(x) j| < 2 d(x\X), x £ E, i = 0,1, and two 
locally Lipschitz a-approximations go,gi : X —>• E of G tangent to X, where 0 < a < a^. If Repeating 
arguments form Lemmata 15.11 and 15.31 we find a sufficiently small a > 0 and h < ho such that for any 
t £ [0,1] 

x^r t o f t (x) := J h (x + hg t (x)) on dU, 

where ry := (1 — t)?’o + tr\ and gt = (1 — t)go + tg±. Thus dU x [0,1] 3 ( x,t ) i-A ft(x) provides a (compact) 
homotopy joining fo to f\ showing that Indjc (/o, U) = Indgc (/i, U). The independence of Ind^c (/,[/) 
follows easily from the resolvent identity 


Jb — 


a , b — a T 

b I + ~T Jb 


being valid for any o, b > 0 with aui,bio < 1 and again the homotopy invariance of the fixed point 
index. □ 


Thus, we are in a position to define the degree deg K by 
(25) deg K (A + G, U) := lim Indjc (r o J h (I + hg) , U) 

h^>-0+ 

where g : % —> E is a tangent and sufficiently close locally Lipschitz approximation of G. 

Proposition 5.5. The degree deg^ has the following basic properties: 

(1) (Existence) If deg^ (^4 + G, U) 0, then there is x € D (A) D U such that 0 € Ax + G (x); 

(2) (Additivity) If U\, U 2 C U are disjoint open in % and 0 fL Ax = G(x) for x £ D(A) n [clC/\ (U\ U U2)], 
then 

degjc (A + G,U) = deg^ (A + G, U\) + deg K (A + G, U 2 ) ■ 

(3) (Homotopy invariance) If H : [0,1] X clC/ ^>E is H-usc with convex weakly compact values, maps 
bounded sets onto bounded ones and is tangent to %, i.e., H(t,x ) fl T%(x) 7^ 0, t € [0,1], x € dU, and 
such that 0 ^ Ax + H (■ t , x) for t £ [0,1], x £ dU, then 

degjc (A + H (0, -),U) = deg x (H (1, •), U). 

Proof. Suppose 0 ^ Ax + G(x) for x £ clU n D(A). Arguing as in Lemmata 15.11 and 15.31 we find 
0 < < a 0 an d 0 < h\ < ho such that for any 0 < a < or and any locally Lipschitz and tangent 

a-approximation g : X —)■ E, x ^ r o Jk(x + hg(x)) for x £ c\U, where 0 < h < h\. This shows that 
deg^ (A + G,U) = 0. 

The remaining assertions are standard and left to the reader. □ 


6. The Krasnosel’skii type formula 

In this section we will prove the following counterpart of the classical Krasnoselskii formula by estab¬ 
lishing a formula relating the constrained degree of the operator A + P(0, •) in the right-hand side of (JT|) 
and the fixed point index of the Poincare operator (with sufficiently small t > 0) associated to (JT)) ; 
see ([21]), (]22|). 

Theorem 6.1. Assume that operator A : D (A) — > E, where E is a separable Hilbert space, and X 
satisfy hypotheses (A), ( K) and, additionally let US' ( t ) || < e ut for some iv £ R and all t > 0. Let 
F : [0,1] x X E satisfy conditions (F\), (F 3 ) an d(F±) and, instead of (F 2 ), we assume that 

(. F ) F : [0,1] x X —^0 E is H-usc. 

Let U C X be bounded relatively open in X and 0 ^ Ax + F (0, x) for x £ dU n D (A). There is to £ (0,1] 
such that if t £ (0, fo]> then Indjc ((pt , qf) , U ) is well-defined and equal to deg^ (A + F (0, ■) , U). 
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Observe that F(0, •) satisfies (Gi) and (G2); hence deg^ (A + F (0, •), U) is well-defined 
The proof of Theorem 16. II will be presented in a series of steps and auxiliary lemmata. 

Step 1. Define F : [0,1] x X —<0 E by the formula 

F (t, x ) := conv [F ([0, t], x)] for t G [0,1], x G X (@). 

Lemma 6.2. F has convex weakly compact values, is H-usc, has sublinear growth and is tangent to X. 


Proof. It is sufficient to show [0,1] x X 3 (t,x) nF( [0, t],x) C E is H-usc, for the H-upper semicontinuity 
and other properties of F follow rather easily by standard arguments. Take to G [0,1], xo G IK and e > 0. 
For some 5o > 0 

(26) F (t,x 0 ) C F (t 0 ,x 0 ) + B e (0,e/2) 

if t G (to — S 0 , to + 80 ) 0 [0,1]. For every t G [0, to + 5q/2\ there is 8 (t) = 8 (t, xo) > 0 such that 

F (s, x) C F (t, xo) + (0, e/ 2 ) , 

provided s G (t — 8 (t),t + 5 (t)), x € B% (xo, S (t)). Let {(ti — 5 ( ti ) ,U + 8 (tj))}j =1 k be a finite sub¬ 
cover of an open cover {(t - 8 (t) ,t + 8 (t))} t e[o,t 0 +S 0 / 2 ] of [0,to+<V 2 ]- Put $ : = min {<5 0 /2, 8 (ti) ,.. ., 8 (t k )}. 

Choose t G (to — 8 ,to + 8 ) D [0,1], x G B%(xo, 8 ) and let y G F([0, t] x {x}), i.e., y G F(s,x) for 
some s G [0, t]. There is ti such that s G (ti — 5 (ti) ,U + 8 (ti)). The inclusion B% (xo, (5) C B x (xq, 8 (ti)) 
implies 

y G F (s, x) C F (t u x 0 ) + B E (0, e/2) . 

If U < to, then 

y G F (ti,x 0 ) + Be (0,e/2) c F([0,f 0 ],x 0 ) + B E (0,e), 
while if ti > to, t* G [0, to + 8/2], then t, — to < 8q/2, so by (1261) 

y G F (ti,x Q ) + Be (0,e/2) c F (t 0 ,x 0 ) + Be (0,e) C F([0,t 0 ],x 0 ) + Be (0,e), 
i.e., F([0,t],x) C F([0,to],xo) + FE(0,e) if t G [0,1], |t — to|, <5 and x G X, ||x — xo|| < 8 . □ 

Using the same methods as in Lemma 15.11 we get: 

Lemma 6.3. There are is a > 0, T > 0 such that 0 ^ Ax + F (T, B% (x, a)) + Be (0, a) for x G dU. □ 


Step 2. By Lemma 12.11 there is locally Lipschitz / : % —> E being tangent to % and an a- 
approximation of F (0, •). Arguing as in Lemma 15.31 we find ho > 0, Iiquj < 1 such that 

(27) x / r o J h (x + hf (x)) for x G dU for h€(0,ho]. 

Observe that, by definition (see (1251) 1. 

(28) de g3C (A + F (0, •) , U) = lnd x (r o J h (I + hf) , U), 

where r : E —> % is a retraction. In what follows let r be a metric retraction, i.e., ||x — r(x)|| = d(x,X) 
for any x G E. 

Define the auxiliary set-valued map G : [0,1] x X E by the formula 

G (z, x) := (1 — z) f (x) + zF (T, x) z G [0,1], x G X. 

Obviously, G is H-usc, tangent to X, has sublinear growth and convex weakly compact values. By 
Theorem 14.21 the solution set of the below problem is R§: 

j u = Au + G (z,x), u G X, z G [0,1] 

1 u (0) = x G cl F. 


(29) 


“Here F([0,t],a:) := F([0, t] x {*}). 
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Lemma 6.4. There is to G (0, T] such that for every t G (0, io] no solution u of (1291) starting at x G dU 
is such that u(t ) = x. 


Proof. Suppose to the contrary that for each integer n > no, where iiq 1 < T there are x n G dU, 
t n G (0, n _1 ], z n G [0,1] and the solution u n : [0, t n ] —>• % of fl29l) such that u n (0) = x n = u n (t n ). Then 
there is w n G L 1 ([0, f n ],E) such that w n (s) G G(z n ,u n (s)) for a.e. s G [0, £ n ] and 

(30) u n (t) = S (t)x n + [ S(t - s)w n (s)ds, t G [0, t n ]. 

Jo 

Extending periodically, we may assume that u n and w n are defined on [0,T], i.e. u n G C([0,T],9C), 
w n G L 1 ([0, T],E). The semigroup property ensures that formula (1301) is valid for every t G [0,T] and 
w n G G(z n ,u n (s)) for a.e. s G [0,T]. Thus u n is a solution on [0, T] of (l29l) . 

The growth condition and Gronwall’s inequality imply that {u n } n> i is bounded. Therefore {w n } n>1 
being a.e. bounded by a constant is weakly relatively compact in L 1 ([0,T],E) (cf. [12] Cor. 2.6]). 
Passing to a subsequence we may assume that w n —- w o G L 1 (]0,T],E) and z n —> zo G [0,1]. 

To prove that {u n } n>1 is relatively compact it is enough to show that so is {x n } n>1 (cf. Lemma [4. II) . 
Take To G (0, T) and put k n := ([To/t n ] + 1). Then r n := k n t n — To —> 0 and u n ( k n t n ) = x n for large n. 
So for sufficiently large n > 1: To + r n < T and 

rTo+r„ 

X n = U n ( k n t n ) = S (To + r n ) x n + S (T 0 + r n - s ) w n ( s ) ds. 

Jo 

The compactness of the semigroup yields that {x n } n>1 is relatively compact and so x n —> Xo G dU. 
Thus u n —> uo G C ([0, T], DC), and by the uniform equicontinuity of {u n } n>1 

||n 0 (t) — rc 0 1 | < ||w 0 - ltn|| + || u„, (t) - u n (\t/t n \t n ) || + ||x n - x 0 || -A 0 , 


hence u(t) = Xo for t G [0, T|. Therefore 

(31) xo = S (t) x’o + f S (t — s) wo (s) dz 

Jo 

and wo (s) G G(zo,xo) for a.e. s G [0, T|. Since [0, T] 3 t G ivo (s) ds is a.e. differentiable, take 

d 


f G (0,T) such that wq (f ) G G(zo,xo ) and 

x 0 = S' ( ri) x 0 + /| +?/ S(f, + T]- s)w 0 (s) ds. 
We show that 

r£+v 


dt 


t=t 


f^Wo(s)ds = wo (£,)■ By fl3ll) for small rj > 0; 


(32) 


V Jz 


(■wo (s) — S (£ + r] — s) wo (s)) ds —^ 0 as rj —> 0 H 


Take p G E* and e > 0. Then 


/1 r£+v \ i rt+v 

\~] J ^ w o( s ) ~ S + V ~ s)w 0 {s))ds, pj = -j (w 0 (s), p- S* (f + T] - s)p)ds 

and since E is the Hilbert space the dual semigroup {S* (t)} t> 0 is strongly continuous. Thus there is 
5 > 0 such that ||S* (t)p — p\\ < e/M if 0 < t < 5 where M := sup yGG( -^ 0 _ a , 0 ) ||y||. If 0 < r] < S, then for 
£ < s < £ + r/ we have ||S* (^ + 7 ? — s) p — p\\ < e/M so 

I (wq (s) , p — S* + t] — s) p)\ <e for a.e. s G [C, € + rj\, 


what proves fl32l) . As a result 

—— X ° — — = - [ (w 0 (s) - S (f + rj - s) w 0 (s)) ds - - f w 0 (s) ds -w 0 (?) . 

v v Jz v -U 

In view of m Th. 2.1.3] xo G D ( A)(ldU and Ax o = — wo (£)■ Hence 0 = Axq + wq (f) G Axo + G (^o, ^o) 
what contradicts Lernma 16.3| since G (zo, xo) C conv Ft (B% (xq, «)) + Be (0, a). □ 
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Step 3. Recall now the solution operator X : X —o C ([0, 1], IK) (see (1201) 1 and the t-Poincare operator 
Ht : IK —o X associated with to ([1]) and consider their restrictions to cl U. By a slight abuse of notation, 
we will still denote these restrictions by the same symbols, i.e. X : clU —° C([0,1],3C) is represented by 
the c-admissible pair 

ciu^r ^ e([o,i],3C) 

with ps, (/£ and T = {( x,u ) G dU X C ([0,1], IK) | it G X (x)} having the same sense as in fl20l) . while 
X^ : cl t/ —o IK is represented by 

cl u A p % 


with p t : = p s , q t := e t o g s . 

Taking into account (1281) and Remark 14.61 we are to show that for sufficiently small t > 0, h > 0, the 
c-admissible pairs (pt, qt) and (id, r o J h (/ + hf)), where id stand for the identity on cl U, are c-homotopic 
via a compact c-homotopy without fixed points on the boundary dU. This will be done in several stages. 


For any x G IK, the problem 


(33) 


u = Au + f(u ) for t G I, 
u (0) = x 


possesses the unique solution -P(x); the map P : dU — >• C ([0,1], IK) is continuous. For t G [0,1], the 
Poincare t-operator P t : dU —>• % associated to (1331) . i.e., given by Pt (x) := P(x) (t) for x G cl U, is 
compact. 

Let us consider the Poincare operator d> : [0,1] x cl t/ —° C ([0,1], %) associated with the problem 


(34) u G Au + (1 — z) f ( u ) + zF ( t , u ), for t G [0,1], z G [0,1], u G X. 

It is clear that is cell-like (cf. Remark 14.51) . Fix t G [0,1] and consider the Poincare t-operator 
: [0,1] x cl U —o X defined by 


4>t ( z , x) := {u (t) G X I u G 4) (z, x)} . 


As before Tt is compact and c-admissible (cf. 14.41) . If u G <3? (z, x ) for some z G [0,1], x G X then n[[ 0) 4 0 i is 
also the solution of the problem (12U1) on the segment [0, to], since F (t, y) C F (T, y) for t G [0, T], y G X. 
Thus, by Lemma [6.41 

x ^ (z, x) for t G [0, to], x G dU, z G [0,1]. 

Clearly $ (1, •) = X and (0, •) = P (so (1, ■) = X* and <L t (0, ■) = Pt). Therefore, the canonical pair 
(p$, g$) representing is the c-homotopy joining (ps> QT,) to the canonical pair representing P. Therefore 
the pair (p$, et o q$) representing is a c-homotopy joining (p t , qt) to (id c iy, Pt). Hence: 


Lemma 6.5. Ift G (0, to] (to is given by Lemma \6.4 [ ) then the pairs ( pt , qt) and (id c ij/, Pt) are c-homotopic 
via the compact c-homotopy without fixed points on dU □. 


Proposition 6.6. There are 0 < t\ < to and 0 < h± < ho such that for t G (0,ti],h G (0, hi] maps Pt 
and g := r o Jh(I + hf) (see (1281 ) ) are homotopic via a compact hom.otopy without fixed points on dU. 


Proof. Claim 1. For sufficiently small t > 0 and h > 0 the Poincare t-operators associated with fl33l) 
and the problem 


(Pj h ) 


u. = —u + g(u), 
u (0) = x 


are homotopic via a condensing (with respect to the Hausdorff measure of noncompactness) homotopy 
without fixed points on dU. 

Fix h G (0, ho] and consider a parameterized problem 


(35) 


u = zA + g z (it), for z G [0,1], it G X 
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where g z : % —> E is defined by 


g z ( x ) := zf (x) + (1 — z) (—x + g(x)) for z £ [ 0 ,1], x £ X. 

Clearly, for each z £ [0,1], g z is locally Lipschitz, since so are / and r. Moreover, for any x £ %, 
f (x) £ T x (x) and 

g(x) = —x + r o J h (x + hf (x)) £ % — x C Tx (x) for x £ % 

and, hence, g z (x) £ Tx (x) for x £ DC. It is easy to see that g z has sublinear growth and the semigroup 
{S ( zt)} t>0 generated by the operator zA leaves the set % invariant. Thus, for any z £ [0,1], x £ IK, the 
problem (1351) along with the initial condition u (0) = x has a unique mild solution 0 (x, z) : [0,1] —> %. 
Obviously 0(x,O) is the solution to (. Pj h ) while 0(x, 1) is the solution to ( Paj )• 

To see that, for some small t > 0, the map 


c\U x [0,1] 3 (x, z) i->- 0t(x, z) := 0(x, z)(t) £ % 


is the required homotopy joining the Poincare t-operators of (Pj h ) and (Paj) we need to study a different 
form of (1351) . Namely consider the following family {A z : D (A) -3 E} ze r 0 ^ of operators dehned by 

A z := (^z — 1 — — j / + zA for; z £ [0,1] 

and let f z : % -3 E be given by the formula 

fz (x) := {^1 + (1 - z) r o J h ^j (x + hf (x )), for h £ (0, ho], z £ [0,1], x £ X. 

A straightforward calculation shows that for z £ [0,1] and x £ % A z x + f z (x) = zAx + g z (x). Hence 
and by the use of the formula 123 Chapter 3.1. (1.2)] and the Fubini theorem we gather that 0 (x,z) is 
also the unique solution to the problem 


(36) 


u ( t) = A z u ( t ) + f z (u (t )), 
u ( 0 ) = x. 


By HD Theorem 4.5], the operator 0t is continuous and condensing with respect to the Hausdorff measure 
of noncompactness; moreover there is t\ > 0 such that if t £ ( 0 , t^], then 


(37) 


04 (x, z) / x for z £ [0,1], x £ dU. 


We have just shown that if 0 < t < t^, then the Poincare t-operator Pf is homotopic to the Poincare 
t-operator 0^ (-,0) associated tp ( Pj h ) via a condensing homotopy without hxed points on [0,1] x dU. 

Claim 2. For sufficiently small t > 0 and sufficiently small h > 0, the Poincare t-operator 0^ (-,0) 
associated with (Pj h ) 

u = —u + g (u) for u £ % 

is homotopic to g via condensing homotopy without hxed points on dU. 

Indeed, for a hxed t and for x £ cl U, z £ [0,1] let 


(z,x) 


(l - z (t+ z - zt) ) x + z (t+z-zt) Q *t OC °) 

g(x) 


for z £ ( 0 , 1 ], 
for z = 0 , 


As in [TTj, Prop. 4.3] one shows that Tt is continuous and there is £ ( 0 , 1 ),< t\ such that T* is 
condensing and v F t (z,x) 7 ^ x for z £ [ 0 , 1 ], x £ dU provided for t £ ( 0 , ti]. 

Take 0 < t < H and let T 4 := r o$ ( : [0,1] x cl U —> %. Then Tf is continuous and condensing as the 
superposition of with the nonexpansive metric projection r. We shall make of the following general 
observation. 


Lemma 6.7. If x £ %, then y £ x + U/i>o ^ (^ — x) and r (y) = x if and only if y = x. 
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Proof. There are ho > 0 and ko G X such that y = x + ho (ko — x). The so-called variational chracter- 
ization of r (see e,g. [ 8 ] Th. 5.2]) yields that for all k G X, (k — r (y) ,y — r (y)) = (k — x,y — x) < 0 
Hence (k — x, (x + ho (ko — x)) — x) = ho(k — x, ko — x) < 0 for every k G X. Thus, ko = x and 
y = x + ho (ko — x) = x. □ 

Observe that (x, 0) = r o g (x) = r o J\ (x + hf (x)) and, in view of (1271) . (x, 0) / x for x G dU. 

If z G (0,1], then for x G cl U 

(x, z) = x 4- 1 _ (® zt (x, 0 ) - x) € x + (J h (X - x). 

z[t + z zt) h > Q 

For such z and x, by Lemma 16.71 x = d't (s,x) = r o d>t (s,x) if and only if x = Tj (s,x). Therefore, 
in view of nn Prop. 4.3., Claim 2.], 4b (s,x) x for s G (0, l],x G dU. As a result: 4b (x,z) 7 ^ x for 
z G [0,1], x G dU provided t G (0, ti]. Finally, in order to obtain a compact homotopy joining g to 
©(•, 0 ) we will rely on the following result. 

Lemma 6 . 8 . [I] Th. 3.1.4.], [T] Def. 3.1.7.] Let X C % be bounded closed and fo, fi ■ X —> % be 
compact maps. If h : [0,1] x X —> X is a condensing homotopy joining fo to f\, then there is the compact 
homotopy H : [0,1] x X —> X joining fo to f\ having the same fixed points as h does. □ 

This establishes Proposition 16.61 since Lemma 16.81 produces a compact homotopy out of 4b (recall 
that g and Pt are compact). □ 

To sum up, we proved that for sufficiently small t > 0 and h > 0: 

( 1 ) the c-admissible pair (pt,qt) is c-homotopic to the pair (id c \u,Pt) via the compact c-homotopy 
without fixed point on [0,1] x dU (cf. 16.51) : 

( 2 ) the Poincare t-operator Pt : cH7 —> X is homotopic to r o (I + hf) : cl U ^ X via the compact 
homotopy without fixed points on dU (cf. Corollary ??). 

Thus, in view of 14.61 we have 

Ind x ((p t , qt ), U) = Indjc ((«W, Pt ), U) = Ind* (Pt, U) = deg x (A + F ( 0 , •), U). 

This concludes the proof of Theorem 16.11 □ 

Let us finally formulate a direct single-valued counterpart of this result being a direct generalization 

of HD- 

Corollary 6.9. Assume that A and U are the same as in Theorem \6. 1 1 Additionally, let f : [0,1] x3C —> E 
be tangent to X locally Lipschitz function with sublinear growth. If 0 ^ Ax + f (0, x), x G dU, then there 
is to G (0,1] such that for every t G (0, to] 

Indx (Pt, U) = deg K (A + f (0, •), U ), 

where Pt : cl U —> X is the Poincare t-operator associated with the problem it (t ) = Au (t ) + / (t, u). 
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